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ABSTRACT 
    The topic of this review article is about some aspect of flow during alloy solidification 
and the corresponding research development that has been accomplished in the recent 
years to determine the features of such flows, which obey either linear or weakly 
nonlinear system of the relevant governing equations and the boundary conditions for the 
associated fluid mechanics and heat or mass transfer.  Modeling efforts, the associated 
analyses and the numerical computations are reviewed in the absence or presence of 
rotation both for single-layer case, where a mushy layer of composed solid dendrites and 
liquid melt exists above the solid portion of the alloy, and for double-layer case, where, in 
addition to the mushy layer, a liquid layer lies over the mushy layer. 
 
INTRODUCTION AND DISCUSSION 
    In the last two decades or so, there has been a number of research works on the 
problem of flow in a mushy layer of mixed solid and liquid phases (Hills et al., 1983; 
Huppert and Worster, 1985; Fowler, 1985; Worster, 1985, 1992, 1997; Huppert, 1990; 
Amberg and Homsy, 1993; Chen et al., 1994; Sayre and Riahi, 1995, 1996, 1997; 
Anderson and Worster, 1995, 1996; Chung and Chen, 2000a, 2000b, 2003; Guba, 2001; 
Riahi, 2002, 2003a, 2003b, 2003c).  Hills, Loper and Roberts (1983) developed a set of 
thermodynamic equations for a mushy zone and solved a much reduced set of such 
equations approximately for the constrained growth of a binary alloy.  Later, Fowler 
(1985) provided a more complete solution.  Huppert and Worster (1985) formulated a 
simple model of the mushy layer based on the consideration of global conservation 
relationship.  The prediction based on their model agreed well with the observation by 
them of ice growing at a plane boundary from aqueous solutions of various kinds of salt.  
Worster (1986) presented a mathematical model for the region of the mushy layer and 
treated the mushy zone as a continuum whose properties vary with the local volume 
fraction of solid.  The equations governing the Worster’s model conserve both heat and 
solute locally but on a macroscale larger than the typical pore-size of the mush.  Worster 
was then able to compute local bulk properties of the mush and computed the local solid 
fraction as a function of distance from the cooled boundary, which gave some indications 
of the morphology of the growing solid.  His predictions for the growth rate of the mushy 
layer, based on his similarity solution, agreed well with the existing experimental 
measurements of ice growing from aqueous salt solutions (Huppert and Worster, 1986). 
   As will be reviewed in more details in the next section, Worster (1992) investigated 
linear instabilities of the flow in the liquid and mushy regions during solidification of 
alloy.  He discovered two stationary modes of buoyancy driven compositional convection 
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during solidification from below: one, which he called the ‘mushy-layer mode’, is driven 
by the buoyant residual fluid within the mushy layer of dendrite crystals; the other, which 
he called the ‘ boundary-layer mode’, is associated with a narrow compositional 
boundary layer in the melt just above the mush-liquid interface, which was assumed flat 
only in the absence of convection.  His marginally stable eigenfunctions suggested that 
the boundary-layer mode results in fine-scale convection in the melt above the mushy 
zone and leaves the interstitial fluid of the mushy layer virtually stagnant, while the 
mushy-layer mode causes perturbations to the solid fraction of the mushy layer that are 
indicative of a tendency to form chimneys.  These chimneys are cylindrical type channels 
filled with convective flow, have negligible amount of solid fraction and are mainly in 
the direction parallel to that of the gravity vector.  Initial convective plumes generate the 
chimneys within the mushy region.  These chimneys then can produce the so-called 
‘freckles’ in the final form of the solidified material.  Freckles are imperfections that 
reduce the quality of the solidified material.  Hence, an important goal in the research for 
the production of high quality alloys’ material has been to find ways to reduce the effects 
of convection, which initiates formation of plumes and subsequently chimneys in the 
mushy layer, as much as possible. 
    Worster (1992) also found good agreement between the results of his linear stability 
analysis and the corresponding experimental results of Tait et al. (1992) for the onset of 
the mushy-layer mode of convection.  However, the already described chimneys are 
intrinsically finite-amplitude phenomena since there is no mechanism for the localization 
of the flow in the linearized system of equations, and so there have been a clear need for 
investigation of the nonlinear evolution of the governing system. 
    In regard to the nonlinear studies if the flows during alloy solidification, most of the 
analytically investigated problems so far have been based on a single mushy-layer model 
developed originally by Amberg and Homsy (1993).  These authors developed a single-
layer model for convective flow in a horizontal mushy layer and focused on the mushy-
layer mode, which is one of the two primary modes of convection detected earlier by 
Worster (1992) in a two-layer system.  Amberg and Homsy (1993) made a number of 
simplifying assumptions including that both the thickness of the layer and the departure 
from the eutectic point being small and the mushy layer being isolated from the overlying 
liquid layer.  Among the non-dimensional parameters of their model, a Stefan number St, 
representing the latent heat release due to solidification, turns out to play a significant 
role in the realization of the stationary (non-oscillatory) or oscillatory nature of the mode 
of the convective flow in the mushy layer.  Amberg and Homsy (1993) considered only 
order-one values of St in their study of stationary convection.  However, as already noted 
by Anderson and Worster (1996) and confirmed further by Riahi (2002), for such values 
of St, no oscillatory mode of convection are found to be the most critical one at the onset 
of motion, whereas they are found for large values of St. Amberg and Homsy’s model 
describes correctly the coupling between the flow and re-melting for the nonlinear 
mushy-layer mode, which is thought to be responsible for the chimney formation.  
Amberg and Homsy (1993) rescaled the variables and the Rayleigh number appropriately 
and restricted their analysis to the case where the mushy-layer thickness δ is of order of 
the amplitude ε of the convective flow.  They employed a weakly nonlinear analysis and 
calculated the solutions in the form of two-dimensional steady rolls to order ε2 and steady 
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hexagons to order ε.  They found that either sub- or supercritical steady rolls are possible 
and steady hexagons can be transcritical. 
    Anderson and Worster (1995) extended the weakly nonlinear analysis of Amberg and 
Homsy (1993) to the limit of large St and the case ε<<δ<<1.  They applied a double-
series expansion in powers of ε and δ for the rescaled variables and the Rayleigh number.  
They focused on the steady modes of convection and calculated the steady solutions in 
the form of two-dimensional rolls and hexagons and analyzed the stability of these 
solutions using the evolution equation that they derived for small-amplitude coefficients 
of such solutions.  They found that steady rolls or steady hexagons with either up-flow or 
down-flow at the cells centers, could be stable, depending on the relative strengths of 
different physical mechanisms. 
    Anderson and Worster (1996) considered the problem of oscillatory convection during 
alloy solidification in a horizontal mushy layer, analyzed the linear stability of a 
motionless state in the limit of large St and identified an oscillatory instability.  Their 
investigation was based on a single-layer model of the mushy zone due to Amberg and 
Homsy (1993).  This identified oscillatory instability was distinct from that found by 
Chen et al. (1994), which arose due to the double-diffusive convection in a two-layer 
system in which stabilizing thermal buoyancy was present.  The one-layer model treated 
by Anderson and Worster (1996) did not have double-diffusive effects, due to strong 
coupling between the solute and thermal fields, which was imposed by the condition of 
thermodynamic equilibrium.  The oscillatory instability discovered by Anderson and 
Worster (1996) was due to a mechanism internal to the mushy layer, similar to the 
oscillatory instability found earlier by Sayre and Riahi (1995, 1997) in a linear and two-
layer model and in the absence of any double-diffusive effect, and it implied the 
existence of an important interaction between convection and solidification within the 
mushy layer. 
    More recently, Riahi (2002) investigated the problem of nonlinear oscillatory 
convection in a horizontal mushy layer during alloy solidification.  He analyzed the two- 
and three-dimensional oscillatory modes of convection in the mushy layer using the 
model due to Amberg and Homsy (1993) and its extended form as studied by Anderson 
and Worster (1995).  Riahi performed a weakly nonlinear analysis to determine the finite-
amplitude oscillatory solutions admitted by the nonlinear problem and carried out 
stability analyses to determine the finite-amplitude solutions that are stable with respect 
to arbitrary three-dimensional disturbances.  He found that all the three-dimensional 
finite-amplitude solutions in the form of travelling and standing waves are unstable.  
However, depending on the parameter values, two-dimensional finite-amplitude solutions 
in the form of either simple travelling rolls or standing rolls are found to be stable and, 
thus, preferred in a particular domain in the parameter space, while general travelling 
rolls were found to be unstable.  Here by simple travelling rolls it is meant either right-
travelling rolls (where the phase velocity of the rolls is in the direction of the component 
of the position vector along the wave number vector) or left-travelling rolls (where the 
phase velocity of the rolls is in the direction opposite to that of the component of the 
position vector along the wave number vector), and general travelling rolls refers to those 
travelling rolls, which are not simple ones.  Riahi (2002) found that the simple travelling 
rolls are supercritical and stable over most of the domain in the parameter space, while 
standing rolls, which are also supercritical, are stable only in a rather small region in the 
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parameter space where simple travelling rolls are unstable.  No hysteretic effect and sub-
critical solutions were found.  Riahi’s results on the onset of plume convection and 
chimney formation within the mushy layer indicated that the chimney of the plume could 
be initiated internally or near the lower boundary, and the direction and the extent of 
chimneys were found to depend on the form of the preferred oscillatory rolls.  Riahi 
(2002) identified a physical effect associated with the possibility of convection in the 
form of standing rolls, namely that due to the nonlinear permeability variations associated 
with the perturbations to the basic-state solid fraction.  Based on this effect, Riahi’s 
theory predicted stable standing rolls in a small region of the parameter space.  In the 
absence of this physical effect, which is equivalent to the case of uniform permeability 
seen by the solidification system, simple travelling rolls are the only stable flow pattern. 
    Recently Guba (2001) investigated the problem of finite-amplitude steady convection 
in a horizontal layer rotating about a vertical axis.  The study was based on the mushy-
layer model developed by Amberg and Homsy (1993) and Anderson and Worster (1995) 
where a near-eutectic approximation was employed in the limit of large far-field 
temperature.  Guba (2001) did not take into account the presence of the interactions 
between the local solid fraction and the convective flow associated with the Coriolis term 
in the Darcy-momentum equation by fixing the local solid fraction at a constant value in 
the term modeling the effect of rotation.  The goal of the author was, then, to determine 
how rotation of the system affects the convection in such a relatively simple case in the 
absence of those interaction effects.  In addition, Guba assumed that the amplitude of 
convection is of the same order as the thickness of the mushy layer, which must be small 
according to the investigated modeling assumption.  The form of the small-amplitude 
convection studied by Guba (2001) was that due to either two-dimensional steady oblique 
rolls or steady distorted hexagons.  As the author explained and more details can be found 
in Veronis (1959), due to the rotation of the system, the two-dimensional rolls are oblique 
in the sense that the streamlines of the flow are confined to the planes, which are in the 
directions at oblique angles to the axes of convection rolls.  Similarly, the hexagonal 
patterns are distorted in the presence of rotation.  Guba (2001) found, in particular, that 
depending on the range of the parameter values, either subcritical or supercritical oblique 
rolls can exist and the distorted subcritical hexagons can change their form from up-
hexagons to down-hexagons for the rotation rate beyond some critical value.  As will be 
presented in more details later in this review article, Riahi (2003a) extended the problem 
treated by Guba (2001) by following Anderson and Worster (1995) in assuming a much 
wider range of values for the amplitude of convection, taking into account the presence of 
the interactions between the local solid fraction and the convection associated with the 
Coriolis term in the momentum-Darcy equation and carrying out extensive stability 
analyses of the finite-amplitude steady solutions.  Riahi found a number of interesting 
results some of which sharply differed from those obtained based on the simplified model 
of the type studied by Guba (2001).  For example, for the model of the type due to Guba 
(2001), convection in the form of rectangles and squares is not stable, while in the Riahi’s 
model such convection can be stable. 
    In regard to the motivation and the applicability of the results for the addition of the 
rotational constraint, it should be noted that understanding the rotational effects on the 
buoyancy driven convection in a mushy layer, which is formed adjacent to the crystal 
interface in an alloy system, are of interest in both engineering and geophysical areas.  
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Understanding the rolls and effects of the Coriolis force on the dynamics of a possible 
mushy layer adjacent to the earth’s inner core interface can be important for further 
understanding the geodynamo (Roberts and Soward, 1978).  In industrial crystal growth 
processes it has been desirable to impose certain external constraints such as rotation, in 
an optimized manner upon the crystallization system, in order to reduce the effects of the 
induced convective flow, which can lead to micro-defect density in the solidified material 
and, thus, reduce the quality of the produced crystal.      
 
 
TWO-LAYER MODEL 
    In this section we review the linear flow instabilities of the liquid and mushy layer 
during alloy solidification that was first investigated by Worster (1992), and then more 
recent research work (Sayre and Riahi, 1995, 1996, 1997; Okhuysen and Riahi, 2000, 
2001; Riahi, 2003c) will be discussed.  Worster (1992) considered a thin layer of a binary 
alloy melt of some constant composition C0 and temperature T∞, which is solidified at a 
constant rate V0 with eutectic temperature Te at the position z=0 held fixed in a frame 
moving with the solidification speed in the z-direction, where the z-axis is assumed to be 
anti-parallel to the gravity vector.  The physical model is based on the assumptions of the 
type provided in Worster (1991, 1992).  Within the layer of melt, there is a very thin 
mushy layer adjacent to the solidifying surface and of thickness h(x, y, t) where x- and y-
axes are the horizontal axes. 
    Next, Worster (1992) considered the equations for momentum, continuity, heat and 
solute for both liquid region (z>h) and mushy zone (0<z<h) in the frame oxyz whose 
origin o is centered on the mush-solid interface (z =0), which is assumed to be flat, and 
moves with the mush-solid interface at speed V0 in the vertical z-direction.  These 
equations are non-dimensionalized by using V0, k/V0, k/V02, β∆Cρ0gk/V0, ∆C and ∆T as 
scales for velocity, length, time, pressure, solute and temperature, respectively.  Here k is 
the thermal diffusivity, ρ0 is a reference (constant) density, g is the acceleration due to 
gravity, β=β* -Γα*, where α* and β* are the expansion coefficients for heat and solute 
respectively and Γ is the slope of the liquidus curve, which is assumed to be a constant, 
∆C=C0 –Ce, Ce is the eutectic concentration of the alloy, ∆T=TL(C0)-Te and TL is the 
local liquidus temperature.  The mushy layer is treated as a porous medium where 
Darcy’s law (Joseph, 1976) is adopted in the momentum equation. 
    The dimensionless governing equations for the velocity vector u=(u, v, w), pressure P, 
temperature θ and the solute concentration S in the liquid layer contained the non-
dimensional parameters Pr, Rl and Le.  Here P =ν/k is the Prandtl number, ν is the 
kinematic viscosity, Rl=β*∆Cgk2/(V03ν) is the liquid Rayleigh number and Le =k/D is the 
Lewis number, where D is the solute diffusivity.   
    The dimensionless governing equations in the mushy layer plus the dimensionless 
liquidus relationship θ=S, which was assumed to hold throughout the mushy zone, 
contained the dependent variables u, P, θ, S and φ, where φ is the local solid fraction.  In 
addition, the Darcy-momentum equation contains the permeability function Π(χ) of the 
porous medium, where χ=(1-φ) is the porosity.  The permeability Π depends also on the 
morphology of the crystal interfaces within the mushy zone.  Many different empirical 
and semi-empirical relationships for Π have been proposed in the past for various porous 
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media, but the most realistic one is the one based on the Kozeny equation (Bear, 1988) 
Π=a0χ3/M2, where a0 is a constant and M is specific surface area of the phase boundaries 
per unit volume of the porous medium.  The dimensionless equations in the mushy layer 
contained the non-dimensional parameters Rm, St, Cr and Le.  Here Rm=β∆CgΠ0/(V0ν) is 
the mush Rayleigh number, Π is a reference (constant) value of the permeability, St 
=L/(CL∆T) is the Stefan number, CL is the specific heat per unit volume, L is the latent 
heat of solidification per unit volume, Cr =(Cs –C0)/∆C is a concentration ratio and Cs is 
the composition of the solid phase forming the dendrites.  
    The boundary conditions for sufficiently large z that Worster (1992) applied to the 
variables in the liquid layer are that of zero velocity vector, zero solute concentration and 
constant temperature, while the boundary conditions employed at z=h were those of 
liquidus relation, condition of marginal equilibrium (Worster, 1986), continuity of normal 
mass flux across the mush-liquid interface and no-slip condition. 
    The boundary conditions at the solid-mush interface that Worster (1992) applied to the 
variables in the mushy layer are that of zero vertical velocity and isothermal condition, 
while those employed at the liquid-mush interface were those of continuity of 
temperature, continuity of pressure and conservations of heat and solute with condition of 
marginal equilibrium. 
    Worster (1992) determined the motionless basic-state solutions of the governing 
systems in both liquid and mushy layers as functions of z only.  He then considered linear 
problem and used normal-mode type approach (Riahi, 2000) to determine the solution at 
the onset of stationary convection.  Hence, the total dependent variable for the linear 
system in both layers was considered as sum of the basic-state solution plus a normal 
mode type solution for non-oscillatory disturbance of infinitesimal amplitude.  Worster 
(1992) then determined numerically the solutions for the dependent variables of the 
disturbances and for the corresponding eigenvalue problem. 
    Worster (1992) detected a number of interesting results after he solved the eigenvalue 
problem for the linear stability system of disturbances at the onset of motion.  Worster 
found two distinct modes of convection in the marginally stable state.  He referred to one 
of the mode as boundary-layer mode since it was associated with the compositional 
buoyancy in a thin boundary layer just above the mush-liquid interface and had a 
relatively small critical wavelength comparable to the thickness of such boundary layer.  
The boundary-layer mode resulted in fine-scale convection in the liquid above the mushy 
zone, but it left the interstitial fluid of the mushy layer virtually stagnant.  The other mode 
was called mushy-layer mode since it was driven by the buoyancy force in the interior of 
the mushy layer and had a relatively larger wavelength comparable to the depth of the 
mushy layer.  The mushy-layer mode caused perturbations to the solid fraction of the 
mushy zone that were indicative of a tendency to form chimneys. 
    Sayre and Riahi (1995, 1996, 1997) extended the work by Worster (1992) to the case 
of the flow during alloy solidification in a high gravity environment (Regel and Wilcox, 
1997).  In the high gravity environment, the flow system is subjected to an external 
rotation, where the rotation vector is inclined with respect to the high-gravity vector.  The 
high-gravity vector is the effective gravity vector for the flow system and is the 
superposition of the normal (earth) gravity force plus the average centrifugal force of the 
rotating system.  The flow system examined by Sayre and Riahi (1995, 1996, 1997) was 
in the limit of small rotation rate and for zero Coriolis force.  These authors developed a 
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numerical code, of the type due to Worster (1992), to solve their linear eigenvalue 
problem for the neutral stability regime.  Sayre and Riahi (1995, 1997) detected an 
oscillatory mode of convection, which could be preferred in presence or absence of small 
rotation rate in particular range of values of the wavelength of the neutral stability mode. 
    Okhuysen and Riahi (2000, 2001) developed a more sophisticated numerical code to 
determine the eigenvalue and eigenfunction of the neutral stability system for onset of 
flow during alloy solidification in high gravity environment.  They included the effects of 
the Coriolis force and determined some results about the stationary mode of convection.  
They found, in particular, that rotation resulted in higher critical value of the Rayleigh 
numbers Rm and Rl, and the preferred flow pattern  takes the form of longitudinal rolls 
parallel to the component of rotation vector in the plane perpendicular to the high gravity 
vector. 
    Riahi (2003c) considered the presence of inclined rotation and took into account some 
effects of the overlying liquid layer by assuming that a motionless liquid layer lies over 
the mushy layer, so that the mush-liquid interface is treated realistically as a deformed 
free surface.  Riahi then employed the realistic boundary conditions between the mushy 
layer and the liquid layer, as well as between the mushy layer and the underlying solid 
layer, to determine both the flow solution in the mushy layer and the shape of the surface 
on top of the dendrite layer.  The information abot the morphology of the mush-liquid 
interface could be significant and of interest in geophysical applications, such as 
implications with respect to the observed earth’s inner-core anisotropy (Bergman, 1997), 
which is one of the major unsolved problem about the earth’s deep interior, and the 
relationship with respect to the important geodynamo problem (Roberts and Soward, 
1978).  Riahi (2003c) also uncovered a new oscillatory instability, which was found to be 
due to the horizontal component of the rotation vector.            
One-LAYER MODEL WITH ROTATION 
    In this section we review the nonlinear steady convection in a horizontal mushy layer 
and rotating about a vertical axis that was investigated very recently by Riahi (2003a).  
The simple one-layer model was developed first by Amberg and Homsy (1993) in which 
the dynamics of the mushy layer were decoupled from the dynamics of the overlying 
liquid layer.  Anderson and Worster (1995) extended the work by Amberg and Homsy 
(1993) by assuming a much wider range of values for the amplitude of motion and 
carrying out stability analysis of the hexagonal and two-dimensional solutions.  Here, we 
follow Riahi (2003a) who extended the model treated by Anderson and Worster (1995) 
by imposing an external constraint of rotation on the solidification system and study the 
effects of the Coriolis force on the nonlinear convective instability for a region of the 
flow near the critical onset condition. 
    It should be noted that the single-layer model of Riahi (2003a), which took into 
account the rotational effects through the presence of the Coriolis force only, is relevant 
both in the geophysical applications where the centrifugal force is insignificant and in the 
engineering applications where understanding the Coriolis effects alone can be of 
primary interest before the combined Coriolis and centrifugal force effects can be 
understood.  
    Riahi (2003a) considered a binary alloy melt that is cooled from below and is solidified 
at a constant speed V0.  The solidifying system was assumed to be rotating at a constant 
speed Ω in the vertical direction anti-parallel to the gravity vector.  Following Amberg 
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and Homsy (1993) and Anderson and Worster (1995), Riahi (2003a) considered mushy 
layer of thickness d adjacent and above the solidification front to be physically isolated 
from the overlying liquid and underlying solid zones.  Thus, it was assumed that the 
horizontal mushy layer was bounded from above and below by rigid and isothermal 
boundaries.  Riahi considered governing system in a moving frame translating at the 
speed V0 with the solidification front and rotating at speed Ω about the vertical axis.  
    The non-dimensional form of the governing system treated by Riahi (2003a0 in the 
limit of infinite Le, contained the non-dimensional parameters Rm, T, St and Cr and, in 
addition, the non-dimensional thickness δ of the mushy layer as a parameter, which was 
assumed to be small.  Here, T=2ΩΠ(0)/ν is the Coriolis parameter, which is the square 
root of a Taylor number. 
    Following Amberg and Homsy (1993) and Anderson and Worster (1995) in reducing 
the model asymptotically, Riahi (2003a) followed their formulation, rescaled Rm, the 
dependent and independent variables, based on δ (δ<<1), and assumed that δCr=C is 
order one quantity as δ→0.  It should be noted that as already discussed in Anderson and 
Worster (1996), the assumption of thin mushy layer (δ<<1) is associated with large non-
dimensional far-field temperature θ∞>>1, which can occur when the initial concentration 
is close to the eutectic concentration Ce.  The assumption of order one quantity C 
corresponds to the near-eutectic approximation (Fowler, 1985), which allows one to 
describe the mushy layer of constant permeability to the leading order. 
    The above described rescaling were then used in the governing system.  This system 
admitted a motionless steady basic state, which depended on the vertical variable z only.  
Since the basic state solid fraction was found to be small, an expansion for Π(0)/Π(φ) in 
powers of the solid fraction φ was assumed. 
    Riahi (2003a) determined steady-state solutions of the nonlinear system for the three-
dimensional disturbances superimposed on the basic state solutions by applying a weakly 
nonlinear analysis, based on a double-series expansions in powers of two small 
parameters δ and ε, of the type carried out before by Busse (1967) and Busse and Riahi 
(1980).  Here ε is the amplitude of convection.  In his weakly nonlinear analysis, Riahi 
(2003a0 took inot account for the first time all the linear and nonlinear interaction terms, 
including those between the local solid fraction and the flow associated with the Coriolis 
term, in the governing system to determined the steady solutions admitted by the 
nonlinear problem and employed further stability analysis to determine the finite-
amplitude solutions that can be stable with respect to arbitrary three-dimensional 
disturbances in different ranges of the parameter values and the amplitude of motion ε. 
     Riahi (2003a) found a number of main results, some of which are given as follows.  
Riahi found that, depending on the range of values of the parameters and ε, two-
dimensional oblique rolls and distorted three-dimensional solutions in the form of 
squares, rectangles, down-hexagons and up-hexagons (Busse, 1989) can be possibly 
stable.  Riahi found that two-dimensional rolls are supercritical and stable only if ε is 
equal to or above some small critical value and T lies in certain range of values.  Three 
dimensional squares and rectangles can be stable only if they are supercritical, ε is equal 
to or above some small critical value and I lies in certain range of values.  Subcritical 
squares and subcritical rectangles were also found to exist but they were found to be 
unstable.  Subcritical down-hexagons or subcritical up-hexagons were found to be stable 
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only if ε lies in certain domain under certain range of values for T.  Supercritical down-
hexagons and supercritical up-hexagons also were found to exist but are unstable.  It was 
found certain overlap regions in ε where more than one solution was found to be stable 
and, thus, hysteretic effect can be non-zero in such overlap regions.  Riahi’s results about 
the onset of plume convection and chimney formation within the mushy layer indicated 
that the chimney of the plume could be initiated most likely near the lower boundary of 
the layer.  Presence of rotation was found to reduce the tendency for chimney formation 
at centers of rolls and at nodes on the boundary of hexagons.    
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